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Laboratoire de Mathématiques d’Avignon (ATER)
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Invariant subspace problem : A. Beurling (1949) and von Neumann?

Context: X is an infinite dimensional topological vector space and L(X )
denotes the algebra of bounded operators over X . An invariant
subspace F of T is a closed subspace of F ⊂ X such that T (F ) ⊂ F . An
invariant subset A of T is a closed subset A ⊂ X such that T (A) ⊂ A.

Does every T ∈ L(X ) have a non-trivial invariant subspace?

• X is Banach: No (P. Enflo (1976), C. Read on ℓ1 (1985)).

• X is Hilbert non-separable: Yes.

• X is Hilbert: Open.

Remark: an operator T lacks invariant subspaces iff every x ∈ X\{0} is
cyclic for T , that is, span(orb(x ,T )) is dense in X .

Does every T ∈ L(X ) have a non-trivial invariant subset?

• X is Banach: No (C. Read on ℓ1 (1988)).

• X is any Hilbert : Open.

Remark: an operator T lacks invariant subsets iff the dynamical system
(X\{0},T ) is minimal in the sense of Birkhoff.
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Démonstration d’un théorème élémentaire sur les fonctions
entières - Note by G. Birkhoff (1929)
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Statement and proof of Birkhoff’s theorem - Part 1/5

Birkhoff’s Theorem (1929)
There is an entire function f ∈ H(C) such that any other g ∈ H(C) is a
limit function of f , that is, there is (an)n such that

g(x) = lim
n→∞

f (x + an)

uniformly on compact subsets of C.

Proof: Let (pn)n be a countable family of polynomials which is dense in
H(C). It is clear that one only needs to construct f ∈ H(C) such that
any polynomial in the family (pn)n is one of its limit functions.
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Statement and proof of Birkhoff’s theorem - Part 2/5

We start by fixing εn ↓ 0 in R+. Our function f will take the form

f (x) = u1(x) + u2(x) + · · · ,

with
un(x) = pn(x − an)e

−cn(x−an)
2

,

where the sequences (cn)n, (an)n as well as the closed disks (Cn)n
centered in an with radius n are to be defined satisfying:

(1) |un(x)− pn(x − an)| ≤
εn
2n

for all x ∈ Cn;

(2) |ui (x)| ≤
εn
2i
, i = 1, ..., n − 1, for all x ∈ Cn;

(3) |un(x)| ≤
εi
2n

, for all x ∈ Ci , i = 1, ..., n − 1;

(4) |un(x)| ≤
1

2n
for all |x | ≤ n.
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Statement and proof of Birkhoff’s theorem - Part 3/5

The conclusion is that, for any polynomial pn in the initial dense family
and all |x | ≤ n, we have x + an ∈ Cn and

|f (x + an)− pn(x)| =

∣∣∣∣∣
∞∑
i=1

ui (x + an)− pn(x)

∣∣∣∣∣
≤ |un(x + an)− pn(x)|+

n−1∑
i=1

|ui (x + an)|+
∑
i>n

|ui (x + an)|

≤ εn
2n

+
n−1∑
i=1

εn
2i

+
∑
i>n

εn
2i

= εn.

In other words,

|x | ≤ n =⇒ |f (x + an)− pn(x)| ≤ εn,

hence pn is a limit function of f .
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Statement and proof of Birkhoff’s theorem - Part 4/5

For the construction of (cn)n and (an)n, we first begin by choosing c1
sufficiently small so that

|z | ≤ 1 =⇒ |p1(z)e−c1z
2

− p1(z)| ≤
ε1
2
.

This implies condition (1) for any choice of a1. Then, we choose a1 big
enough so that

|x | ≤ 1 =⇒ |u1(x)| = |p1(x − a1)e
−c1(x−a1)

2

| ≤ 1

2
.

With this we verify conditions (1) and (4) at rank n. Conditions (2) and
(3) are empty.
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Statement and proof of Birkhoff’s theorem - Part 5/5

Suppose that we have constructed c1, ..., cn−1 and a1, ..., an−1 satisfying
(1)-(4). Then we take cn small enough so that

|z | ≤ n =⇒ |pn(z)e−cnz
2

− pn(z)| ≤
εn
2n

.

This implies (1) for any choice of an. Then, we choose an big enough so
that

x ∈ Cn =⇒ |ui (x)| = |pi (x − ai )e
−cn(x−ai )

2

| ≤ εn
2i
, i = 1, ..., n − 1,

x ∈ Ci =⇒ |un(x)| = |pn(x − an)e
−cn(x−an)

2

| ≤ εi
2n

, i = 1, ..., n − 1

|x | ≤ n =⇒ |un(x)| = |pn(x − an)e
−cn(x−an)

2

| ≤ 1

2n
,

what implies (2)-(4) at rank n and completes the proof. ■
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Modern statement of Birkhoff’s theorem

For any a ∈ C, we define the (so called Birkhoff) operator of translation
by a as

τa : H(C) −→ H(C)
f 7−→ τa(f ) : x ∈ C 7→ f (x + a)

A family of operators (Ta)a∈Γ acting on a Fréchet space X is said to be
universal when there exists f ∈ X such that {Ta(f ) : a ∈ Γ} = X .

Bihkroff’s theorem
The family of all translations (τa)a∈C is universal.

Bihkroff’s theorem generalization (proof corollary)
For any a ∈ C\{0}, the linear operator τa has a dense orbit.
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Sequences of derivatives and normal families
Article by MacLane (1952) - Page 84

MacLane’s theorem (1952)
The linear operator D : f 7−→ f ′ of complex derivation on H(C) has a
dense orbit.
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Topological Dynamics
Book by Gottshalk and Hedlund (1955)
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On orbits of vectors
Article by Rolewicz (1969)

Rolewicz’s theorem (1969)
For all λ > 1, the linear operator λB : (xn)n 7→ (λxn+1)n, acting on c0(N)
or ℓp(N), 1 ≤ p < ∞, admit a dense orbit.
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Invariant closed sets for linear operators
Ph.D thesis of Kitai (1982) - unpublished

Kitai’s thesis marks the beginning of the Theory of Hypercyclicity. It
includes:

• clarification/establishment of basic concepts;

• plenty of examples/countexeamples were given;

• development of techniques that have been used since then;

Kitai’s criterion (1982)
Let X be a separable Fréchet space and T ∈ L(X ). Suppose that there
are dense subsets X0,Y0 ⊂ X and a map S : Y0 → Y0 such that, for any
x ∈ X0, y ∈ Y0,

(i) T nx → 0,

(ii) Sny → 0,

(iii) TSy = y .

,

Then T is mixing.
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The term ”hypercyclicity”

• A vector with a dense orbit was called “orbital” by Kitai and
“universal” by Gethner and Shapiro.

• similar notions are those of cyclic and supercyclic vectors. The latter
was introduced in 1974 by H. M. Hilden and L. J. Wallen. The
notion of cyclic vector seems to be much older.

In 1984, B. Beauzamy introduces the term “hypercyclicity”. He finds an
uncountable dense set of hypercyclic vectors for an operator on a Banach
space. He insists in the idea that Rolewicz has found an operator that
has one hypercyclic vector. His findings were published in:

B. Beauzamy. Un opérateur, sur un espace de Banach, avec un
ensemble non-dénombrable, dense, de vecteurs hypercycliques. In
Séminaire de géométrie des espaces de Banach, volume 18 of Publ.
Math. Univ. Paris VII, pp. 149–175. Universite Paris VII, 1984.
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Universal vectors for Operators on Spaces of Holomorphic
Functions - Article by Gethner and Shapiro (1987)

• Independently of Kitai, Gethner and Shapiro show in 1987 the
Hypercyclicity Criterion using a Baire argument.

• They obtain applications to Birkhoff, MacLane and Rolewicz
operators (and more general backward shifts).

• Their method produces Gδ-dense sets of universal vectors.
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Operators with Dense, Invariant Cyclic Manifolds.
Article by Godefroy and Shapiro (1991)

In 1991, Godefroy and Shapiro organize/establish the bases of the theory
of Linear Dynamical Systems.

• They adopt Devaney’s chaos for the linear setting. we say that a
system (X ,T ) is chaotic when:

- T is hypercyclic,
- T has a dense set of periodic points,
- T has sensitive dependence on initial conditions.

Obs.: They have shown that sensitive dependence on initial
conditions for linear dynamical systems in implied by hypercyclicity
+ linearity.

• They finally link, once and for all, topological transitivity to
hypercyclicity for linear dynamical systems.

• They unify Birkhoff and MacLane’s theorems by showing that any
operator that commutes with all translations are hypercyclic as long
as they are not a scalar multiple of the identity.

• And much more.
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What should I read?

• Survey: K.-G. Grosse-Erdmann (1999). Universal Families and
Hypercyclic Vectors.

• Notes: J. Shapiro (2001). Notes on the Dynamics of Linear
Operators.

• Book 1: F. Bayart and É. Matheron (2009). Dynamics of Linear
Operators.

• Book 2: K.-G. Grosse-Erdmann and A. Peris (2011). Linear Chaos.

• Survey: C. Gilmore (2020). Linear Dynamical Systems.
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Why is transitivity so important?
Short answer: versatility!
Long answer: a lot of versatility!

Theorem (Modern Birkhoff’s transitivity theorem)
Let X be a separable F -space space and T ∈ L(X ). Suppose that, for all
U,V ⊂ X open and non-empty, there are u ∈ U and N ∈ N such that
TN(u) ∈ V . Then T has a Gδ-dense set of hypercyclic vectors.

One can find adaptations of this result giving Gδ-dense sets of vectors
with many properties linked to hypercyclicity. Let us name some of them.

• Common hypercyclicity: elements of proof/statement in a paper by
Costakis and Sambarino (2004).

• Disjoint hypercyclicity: Bès and Peris (2007).

• Hypercyclic algebras: Bayart and Matheron (2009), later improved
by Bayart, CJr, Papathanasiou (2021).

• U-frequent hypercyclicity: Grosse-Erdmann and Bonilla (2018).

• U-frequent hypercyclic algebras: Bayart, CJr, Papathanasiou (2021).

• Common and disjoint hypercyclic algebras: Bayart, CJr,
Papathanasiou (to appear).
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Transitivity is (often) so easy to apply!

Theorem (Bihkroff’s first result)
For any a ∈ C\{0}, the translation τa : H(C) → H(C) is hypercyclic.

Proof: Let U,V ⊂ H(C) be two non-empty open sets. We fix f ∈ U and
g ∈ V and we find ε > 0 and compact disks D1,D2 such that

h ∈ H(C), ∥h − f ∥D1 < ε =⇒ h ∈ U

h ∈ H(C), ∥h − g∥D2 < ε =⇒ h ∈ V .

Let n ∈ N such that D1 ∩ (D2 + na) = ∅. Then we apply Runge’s
approximation theorem to the connected set C\D1 ∪ (D2 + na) and find
h ∈ H(C) such that

∥h − f ∥D1 < ε and ∥h − g(·+ na)∥D2+na < ε.

Hence h ∈ U and τna (h) ∈ V , that is, τn is topologically transitive. ■
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Some transitivity-like criteria

Theorem (Criterion for common hypercyclicity)
Let (Tλ)λ∈Γ be a continuous family of operators acting on the same
separable F -space X , with Γ σ-compact. Suppose that, for all K ⊂ Γ
compact and all U,V ⊂ X open and non-empty, there is u ∈ U such
that, for all λ ∈ K , one can find N ∈ N with TN

λ (u) ∈ V . Then (Tλ)λ∈Γ

admits a Gδ-dense set of common hypercyclic vectors.

Theorem (Criterion for disjoint hypercyclicity)
Let X be an F -algebra and let T1,T2 ∈ L(X ). Suppose that for all
U,V1,V2 ⊂ X open and non-empty, there is u ∈ U and N ∈ N such that
TN
1 u ∈ V1,T

N
2 u ∈ V2. Then there is a Gδ-dense set of vectors u ∈ X

such that {(T n
1 u,T

n
2 u) : n ∈ N} is dense in X × X .
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Some transitivity-like criteria

Theorem (Criterion for hypercyclic algebras)
Let X be an F -algebra and let T ∈ L(X ). Assume that, for all
I ∈ Pf (N)\{∅}, there is m0 ∈ I such that, for all U,V ⊂ X open and
non-empty and all neighborhood W of 0, one can find u ∈ U and N ∈ N
such that {

TNun ∈ W for n ∈ I\{m0},
TNum0 ∈ V .

Then there is a Gδ-dense subset of X generating a hypercyclic algebra for
T .

23 / 30



Some transitivity-like criteria
Theorem (Criterion for U -frequent hypercyclicity)
Let X be a separable Fréchet space and T ∈ L(X ). Suppose that, for all
V ⊂ X open and non-empty, there exists δ > 0 such that, for all U ⊂ X
open and non-empty, for all N0 ∈ N, there is u ∈ U and N ≥ N0 such that

#{p ≤ N : T pu ∈ V }
N + 1

> δ.

Then T has a Gδ-dense set of U-frequent hypercyclic vectors.

Theorem (Criterion for U -frequent hypercyclic algebras)
Let X be a separable Fréchet space and T ∈ L(X ). Suppose that for all
I ∈ Pf (N)\{∅}, there is m0 ∈ I satisfying the following: for all V ⊂ X
open and non-empty and all neighborhood W of 0, there exists δ > 0
such that, for all U ⊂ X open and non-empty and all N0 ∈ N, there is
u ∈ U and N ≥ N0 satisfying

#{p ≤ N : T pun ∈ W , for n ∈ I\{m0}, and T pum0 ∈ V }
N + 1

> δ.

Then there is a Gδ-dense set of vectors generating a UFHC algebra for T .
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Some transitivity-like criteria

Theorem (Criterion for disjoint hypercyclic algebras)
Let X be an F -algebra and let T1,T2 ∈ L(X ). Suppose that, for all
I ⊂ Pf (N)\{∅}, there is m0 ∈ I such that, for all U,V1,V2 ⊂ X open
and non-empty and all neighborhood W of 0, there is u ∈ U and N ∈ N
such that{

TN
1 (un) ∈ W ,TN

2 (un) ∈ W , for all n ∈ I , n ̸= m0,

TN
1 (um0) ∈ V1,T

N
2 (um0) ∈ V2.

Then there is a Gδ-dense set of vectors generating a disjoint hypercyclic
algebra for (T1,T2).
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Some transitivity-like criteria

Theorem (Criterion for common hypercyclic algebras)
Let (Tλ)λ∈Γ be a continuous family of operators acting on the same
separable F -space X , with Γ σ-compact. Suppose that, for all K ⊂ Γ
compact and all I ⊂ Pf (N)\{∅}, there is m0 ∈ I such that, for all
U,V ⊂ X open and non-empty and all neighborhood W of 0, one can
find u ∈ U such that, for all λ ∈ K , there is N ∈ N satisfying{

TN
λ un ∈ W for m ∈ I\{m0},

TN
λ um0 ∈ V .

Then there is a Gδ-dense set of vectors generating a common hypercyclic
algebra for (Tλ)λ∈Λ.
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First common hypercyclicity results

Theorem (Abakoumov and Gordon (2003))
For X = c0(N) or ℓp(N), 1 ≤ p < ∞, the family (λB)λ>1 has a common
hypercyclic vector. (Even a Gδ-dense set of them, actually!)

Borichev’s example
For any Λ ⊂ (1,+∞)× (1,+∞) with positive Lebesgue measure,
(λB × µB)(λ,µ)∈Λ has no common hypercyclic vector on ℓ1(N)× ℓ1(N).

Theorem (Bayart, CJr, Menet (2021))
Let X = c0(N) or ℓp(N), 1 ≤ p < ∞. If Λ ⊂ (1,+∞)d , d ≥ 1, is a
Lipschitz curve, then (λ1B × · · · × λdB)λ∈Λ has a common hypercyclic
vector on X d .
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Some results in multiple dimensions

Theorem (Bayart, CJr, Menet (2021))

(i) Let X = c0(N) or ℓp(N) (1 ≤ p < ∞), let α ∈ (0, 1] and let (w(a))a>0

be given by wn(a) = 1 + λ
n1−α for all n ≥ 1. Suppose that, for

Λ ⊂ (0,+∞)d , the family (Bw(λ1) ×
d· · · × Bw(λd ))λ∈Λ has a common

hypercyclic vector. Then dimH(Λ) ≤ 1/α.

(ii) Let X and (w(a))a>0 as before. If α < 1/d , then the family

(Bw(λ1) ×
d· · · × Bw(λd ))λ∈(0,+∞)d

has a common hypercyclic vector.
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Some results in multiple dimensions

Some ideas :∑
j ̸=i

Bni
w(x)F

nj
w(xj )−1(e0) =

q∑
j=i+1

Bni
w(x)F

nj
w(xj )−1(e0)

=

q∑
j=i+1

wnj−ni+1(x) · · ·wnj (x)

w1(xj) · · ·wnj (xj)
enj−ni

=

q∑
j=i+1

exp(xnαj − x(nj − ni )
α)

exp(xjnαj )
enj−ni

=

q∑
j=i+1

1

exp((xj − x)nαj + x(nj − ni )α)
enj−ni

So we want, for all j > i ,

(xj − xi )n
α
j + xi (nj − ni )

α ≫ 0 and (yj − yi )n
α
j + yi (nj − ni )

α ≫ 0.
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Some results in multiple dimensions

1 2

34

1 2
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13 14

1516

But we need α< 1
2 for the construction of the associated sequence.

What we know for wn(x) = 1 + x
n1−α :

α < 1/2 =⇒
(
Bw(x) × Bw(y)

)
x,y>0

is common hypercyclic;

α > 1/2 =⇒
(
Bw(x) × Bw(y)

)
x,y>0

is not common hypercyclic;.

Open question: what can we say when α = 1/2?
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