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✷

❊①❡r❝✐❝❡ ✹

✕✶✳ ▲✬❛ss♦❝✐❛t✐✈✐té s❡ ✈ér✐✜❡ à ❧❛ ♠❛✐♥✳ ▲✬é❧é♠❡♥t ♥❡✉tr❡ ❡st ❧❛ ♠❛tr✐❝❡

(

1 0
0 1

)

▲✬✐♥✈❡rs❡ ❞✬✉♥❡ ♠❛tr✐❝❡
(

a b
c d

)

❡st t♦✉t s✐♠♣❧❡♠❡♥t
(

d −b
−c a

)

❆st✉❝❡ ✿ ad − bc ét❛♥t ✉♥ é❧é♠❡♥t ♥♦♥✲♥✉❧ ❞❡ Z/2Z✱ ✐❧ ❡st ❢♦rçé♠❡♥t é❣❛❧ à 1✳
❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t x ❞❛♥s Z/2Z✱ ♦♥ ❛ −x = x✱ ❞♦♥❝ ♦♥ ♣❡✉t ❛✉ss✐ é❝r✐r❡ ❧✬✐♥✈❡rs❡
❝♦♠♠❡ ét❛♥t ✿

(

d b
c a

)

✕✷✳ ■❧ ② ❛ 24 = 16 ♠❛tr✐❝❡s ❝❛rré❡s ❞❡ t❛✐❧❧❡ 2 à ❝♦❡✣❝✐❡♥ts ❞❛♥s Z/2Z✳ P♦✉r
q✉❡ ad− bc = ad+ bc s♦✐t ♥♦♥✲♥✉❧✱ ✐❧ ❢❛✉t q✉✬❛✉ ♠♦✐♥s ❞❡✉① ❞❡s ❝♦❡✣❝✐❡♥ts s♦✐❡♥t
♥♦♥✲♥✉❧s✳ ❖♥ ✈ér✐✜❡ à ❧❛ ♠❛✐♥ q✉❛♥❞ ❧❡ ❞ét❡r♠✐♥❛♥t ❡st ✭♥♦♥✲✮♥✉❧✱ ♦♥ ♦❜t✐❡♥t ❧❛
❧✐st❡ ✿

id =

(

1 0
0 1

)

g1 =

(

1 0
1 1

)

g2 =

(

1 1
0 1

)

g3 =

(

1 1
1 0

)

g4 =

(

0 1
1 0

)

g5 =

(

0 1
1 1

)

G ❡st ❞♦♥❝ ❞✬♦r❞r❡ 6✳
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✸

✕✸✳ ❖♥ r❡❣❛r❞❡ ❧❛ ♣r❡♠✐èr❡ ♣✉✐ss❛♥❝❡ ♥♦♥✲♥✉❧❧❡ q✉✐ ❞❡✈✐❡♥t é❣❛❧❡ à id✳
P♦✉r id✱ ❧✬♦r❞r❡ ❡st 1✳ P♦✉r g1 ✿ g2

1
= id✱ ❞♦♥❝ ♦r❞r❡ 2 ❀ ❞❡ ♠ê♠❡ ♣♦✉r g2 q✉✐ ❡st

❞✬♦r❞r❡ 2✳ P♦✉r g3 ✿ g2
3
= g5 ❡t g3

3
= id✱ ❞♦♥❝ g3 ❡st ❞✬♦r❞r❡ 3 ❀ ❝❛❧❝✉❧ s✐♠✐❧❛✐r❡ ♣♦✉r

g5 q✉✐ ❡st ❞✬♦r❞r❡ 3✱ ❡t ❡♥✜♥ g4 ❡st ❞✬♦r❞r❡ 2✳
✕✹✳ G ♥✬❡st ♣❛s ❝②❝❧✐q✉❡ ♣✉✐sq✉✬✐❧ ♥✬② ❛ ❛✉❝✉♥ é❧é♠❡♥t ❞✬♦r❞r❡ 6✳ P❛r ❛✐❧❧❡✉rs✱

t♦✉t s♦✉s✲❣r♦✉♣❡ H ❞❡ G✱ ❞✐✛ér❡♥t ❞❡ G ❡st ❞❡ ❝❛r❞✐♥❛❧ 1✱ 2 ♦✉ 3 ✭♣✉✐sq✉❡ | H |
❞♦✐t ❞✐✈✐s❡r | G |✮✳

2 ❡t 3 s♦♥t ❞❡s ♥♦♠❜r❡s ♣r❡♠✐❡rs✱ ♦r ♣♦✉r t♦✉t g ❞❛♥s H ♥♦♥✲tr✐✈✐❛❧✱ ❧❡ s♦✉s✲
❣r♦✉♣❡ ❡♥❣❡♥❞ré ♣❛r g ❞♦✐t ❞✐✈✐s❡r ❝❡ ♥♦♠❜r❡ ♣r❡♠✐❡r t♦✉t ❡♥ ét❛♥t > 1✱ ❞♦♥❝ 〈g〉
❡st ❞❡ ❝❛r❞✐♥❛❧ | H | ❞♦♥❝ é❣❛❧ à H✳

✕✺✳ ■❧ s✉✣t ❞❡ ❧✐st❡r s❡❧♦♥ ❧❡ ❣é♥ér❛t❡✉r✳ ❖♥ ♦❜t✐❡♥t ❧❡s s♦✉s✲❣r♦✉♣❡s ✿

✭✶✮ {id}✱

✭✷✮ 〈g1〉 = {id, g1}✱

✭✸✮ 〈g2〉 = {id, g2}✱

✭✹✮ 〈g4〉 = {id, g4}✱

✭✺✮ 〈g3〉 = {id, g3, g5} = 〈g5〉✱

❖♥ r❡♠❛rq✉❡ ✿

g2 = g4g1g
−1

4

❝❡ q✉✐ ♠♦♥tr❡ q✉❡ ♥✐ (2)✱ ♥✐ (3) ♥✬❡st ❞✐st✐♥❣✉é✳ ❖♥ ❛ ❛✉ss✐ ✿

g1g4g
−1

1
= g2

❉♦♥❝ (4) ♥✬❡st ♣❛s ❞✐st✐♥❣✉é ♥♦♥✲♣❧✉s✳
▲❡ s♦✉s✲❣r♦✉♣❡ tr✐✈✐❛❧ (1) ❡st t♦✉❥♦✉rs ❞✐st✐♥❣✉é✱ ❛✐♥s✐ q✉❡ G✳
❊♥✜♥✱ ♣♦✉r L = 〈g3〉 ✿ ❝✬❡st ❧❡ s❡✉❧ s♦✉s✲❣r♦✉♣❡ ❞✬♦r❞r❡ 3✳ ❖r✱ ♣♦✉r t♦✉t g ❞❛♥s G✱

gLg−1 ❡st ✉♥ s♦✉s✲❣r♦✉♣❡ ❞✬♦r❞r❡ 3✱ ❞♦♥❝ é❣❛❧ à L ✿ ❝❡❝✐ ♠♦♥tr❡ q✉❡ L ❡st ❞✐st✐♥❣✉é✳
▲❡ ❣r♦✉♣❡ q✉♦t✐❡♥t G/L ❡st ❞✬♦r❞r❡ 6/3 = 2✱ ❞♦♥❝ ❝②❝❧✐q✉❡ ✭❞✬❛♣rès ❧✬❛r❣✉♠❡♥t

❞❡ ❧❛ q✉❡st✐♦♥ ♣ré❝é❞❡♥t❡✮✱ ❧❡ q✉♦t✐❡♥t G/G ❡st ❧❡ ❣r♦✉♣❡ tr✐✈✐❛❧✱ ❞♦♥❝ ❝②❝❧✐q✉❡✳
P❛r ❝♦♥tr❡ G/{id} ♥✬❡st ♣❛s ❝②❝❧✐q✉❡✱ ❝❛r ✐s♦♠♦r♣❤❡ à G✳
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